On symplectic vortex equations over a compact 
orbifold Riemann surface 

Hironori Sakai 
Abstract 

Making use of theory of differentiable stacks, we study symplectic vortex equations over 
a compact orbifold Riemann surface. We discuss the category of representable morphisms 
from a compact orbifold Riemann surface to a quotient stack. After that we define symplectic 
vortex equations over a compact orbifold Riemann surface. We also discuss the moduli space 
of solutions to the equations for linear actions of the circle group on the complex plane. 

1 Introduction 

The symplectic vortex equations (SVE for short) are introduced by Salamon and Mundet inde- 
pendently. Let G be a compact Lie group and g its Lie algebra. We choose an invariant inner 
product on g to identify g with its dual space g v . Suppose that G acts on a symplectic mani- 
fold M in a Hamiltonian fashion with a moment map }i : M — »■ g. Let P — >■ E be a principal 
G-bundle over a compact Riemann surface E. The SVE (over E) are defined by the PDEs 

d^u = 0, *F A + ji(u) = 

for G-equivariant map u : P — »■ M and a connection A on P. Here 9^ is the anti-holomorphic 
part of the covariant derivative d A , F A is the curvature of A, and * is the Hodge ^-operator. 
(We also have to fix a volume form on E and an almost complex structure on M compatible 
with the symplectic structure and the G-action.) Under some analytic assumptions, we can 
define Hamiltonian invariants as integrations over the moduli space of solutions to the SVE. 
The invariants are called symplectic vortex invariants. 

The most important feature of the SVE is that we can obtain the equation of pseudo- 
holomorphic curve from E to the Marsden-Weinstein quotient M//G as a certain limit of the 
SVE. This limit is called the adiabatic limit, and this is the most important idea for an identity 
between Gromov-Witten invariants (with fixed marked points) of the smooth quotient M//G 
and symplectic vortex invariants for the Hamiltonian G-space M JSJ. 

It is conjectured that the identity extends to Gromov-Witten invariants of the orbifold 
Marsden-Weinstein quotient M//G (after a suitable extension of theory of SVE) |15, §12.7]. 
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Gromov-Witten invariants of closed symplectic orbifold are defined as integration over a cer- 
tain compactification of the moduli space of representable pseudo-holomorphic maps from 
orbifold Riemann surfaces |4J. Therefore it is natural to think about an extension of the SVE 
such that its adiabatic limit is the equation of representable pseudo-holomorphic maps. But 
if we put everything into orbifold settings (e.g. orbibundle, etc.) for SVE, then the theory 
becomes extremely complicated. 

To solve this problem, we make use of theory of differentiable stacks. Roughly speak- 
ing, the symplectic vortex equations over a Riemann surface E can be thought as "differential 
equations" of maps from E to the quotient stack [M/ G]: a (representable) morphism of stacks 
<p : E — >■ [M/G] corresponds to the 2-cartesian square 

P — 



[M/G], 

where u is a G-equivariant map and 7i p : P ->■ E is a principal G-bundle over E. 

In this paper, we see that we can replace E with a stack corresponding to compact orbifold 
Riemann surface in the above diagram. One of the advantages of the replacement is that the 
upper part of the above diagram still belongs to the category of smooth manifolds. Finally 
we find that we can use the same PDEs for an extension of SVE after several observations on 
differentiable stacks. 

This paper is organised as follows. In §2, we review briefly theory of differentiable stacks. 
In §3, we discuss the category of representable morphisms from an orbifold Riemann surface 
to a quotient stack. We show that the category is equivalent to a certain category similar to 
the category of principal G-bundles. In §4, we fix notations for an orbifold Riemann surface by 
using statements developed in §3, and we consider (representable) pseudo-holomorphic maps 
from a compact orbifold Riemann surface £ to a (orbifold) Marsden-Weinstein quotient. After 
that we define SVE over L and discuss the moduli space of solutions to the SVE for the case 
when the circle group S 1 acts on the complex plane C. 

Notations We fix the following notations through this paper. 

We denote by ip any right action map: if we have a right G-space M, then ip is defined by 

ip : M x G — >■ M; (m,g) i— >• ip(m,g) = ip g (m) =m ■ g = mg. 

Let g be the Lie algebra of a Lie group G. For a G-space M and £ £ g, we define the infinitesimal 
action £ M £ Vect(M) by 



zM (m) 



m-exp(f£) (if M is a right G-space), 
t=0 (m £ M). 

exp(— £f ) ■ m (if M is a left G-space) 

f=0 
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Here Vect(M) is the space of vector fields on M. The above convention is the same as Bott-Tu 
[3 J and opposite to Cieliebak-Gaio-Salamon Set 

Q M {m) = {$ M {m) £ T m M \ £ £ £)} and M = {£ M (m) £ TM \ £ £ 0, m £ M}. 

If the G-action is locally free, then g M is a subbundle of the tangent bundle TM. 

For a (2-)fibred product X\ p, x p 2 3£ 2 , the z-th (z = 1, 2) projection is denoted by pr ( . 

2 Differentiable stacks 

We review theory of differentiable stacks and geometric objects (e.g. differential forms) on 
stacks. First we recall the bicategory of Lie groupoids and bibundles. Secondly we introduce 
the 2-category of stacks over the smooth category and geometric objects on Deligne-Mumford 
stacks. Finally we describe an orbifold Riemann surface as a Deligne-Mumford stack. 

2.1 Lie groupoids and bibundles 

For details of Lie groupoids and bibundles, see Lerman [12], Metzler |16|, Moerdijk |20| and 
Moerdijk-Mrcun ITZll . 

A groupoid is a category whose arrows are all invertible. We write Xj =4 Xg for a groupoid 
whose class of objects and class of arrows are Xo and Xi respectively. The source map and the 
target map are always denoted by src and tgt respectively: for a £ Hom(x,y), src(fl) = x and 
tgt(fl) = y. We also write a : x — » y for such an arrow. 

Definition 2.1. A groupoid Xi z4 Xq is called a Lie groupoid if 
(i) both Xo and X^ are smooth manifolds, 

(ii) both the source and the target map are surjective submersions, and 

(iii) the composition map 

XisrcXtgtXx Xi',(a,b) i y ab, 
the unit map x i— > l x (x £ Xo) and the inverse map a i— > a" 1 (a £ X^) are all smooth. 

Let Xj =4 Xo be a Lie groupoid. For an object x £ Xo, the submanifold 

(X^Xo)* = {a £ Xi | src(a) = x = tgt(fl)} 

of X\ is a Lie group. The Lie group is called the stabiliser group at x. 

Two objects x, y £ Xo are said to lie in the same orbit (x ~ y) if there is an arrow a : x — > y. 
The quotient space of Xq with respect to the equivalent relation ~ is called the underlying 
space of Xi =4 Xo and denoted by Xq/X\. If x ~ y, then the stabiliser group at x is naturally 
isomorphic to the stabiliser group at y. 
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Example 2.2. Let G be a Lie group and M a right G-space. The action groupoid M x G of the 
G-action on M is a Lie groupoid MxG =| M whose structure maps are given as follows: 
sxc{m,g) = mg,tgt(m,g) = m, {m,g)(mg,h) = (m,gh), l m = (m,\) and {m,gy l = (mg,g- x ) 
for g,h E G and m E M. The stabiliser group at m 6 M is the ordinary stabiliser group at wz 
and the underlying space of the action groupoid M x G is the quotient space M/G. 

Definition 2.3. 

• A Lie groupoid X! =4 Xo is said to be proper if (src, tgt) : X! h-> Xo x Xo is a proper map. 

• A Lie groupoid is called an etale groupoid if the source and the target maps are etale 
(locally diffeomorphic). 

Next we recall bibundles. Regarding a bibundle as an arrow between Lie groupoids, we 
obtain the bicategory of Lie groupoids and bibunbles. 

Definition 2.4. A right action of a Lie groupoid Y\ =4 Yq on a manifold P consists of two maps 
a : P — > Yq and 

\i : P a x tgt Yj — > P; (p,a) h-» pa 

satisfying that a(pa) = src(a), pl a ( p ) = p and p(afr) = (pa)b for any E YisrcXtgt Y\ and 
p 6 P with a(p) = tgt(fl). The map a. is called the anchor map. 

A left action of a Lie groupoid can be defined in a similar way. 

Definition 2.5. Let Yj =4 Yd be a Lie groupoid. A principal (Yj =4 Yd) -bundle over a manifold 
B is a smooth map 71 : P — > B with a right action of Yj ^ Y on P satisfying the following 
conditions. 

(i) The map n is {Y\ =^ Y ) -invariant, i.e. 7r(pa) = 7r(p) for any (p,fl) E P a x tg t Yi . 

(ii) The map 7r is a surjective submersion. 

(iii) The map 

fa Xtgt Yi ->■ P 

7r x n 

P; (p,a) i ^ (p,pfl) 
is a diffeomorphism. Here a is the anchor map for the action. 

Definition 2.6. Let Xj =4 X and Y\ Y be two Lie groupoids. A bibundle (or Hilsum- 
Skandalis morphism) / = («£, P, kr) is a manifold P equipped with 

• a left action of Xj X with an anchor map oc L and 

• a right action of Y\ =$ Yq with an anchor map ocr 

satisfying following conditions. 

(i) The map a L : P — > X is (Yi =t Y )-invariant and «r : P — > Y is (X! =t X ) -invariant. 

(ii) The actions of Xi =t Xo and Yj =^ Yo are compatible, i.e. (ap)b — a(pb) for any a E X\, 
p E P and b E Y\ with src(fl) = a. L (p) and a. R (p) = tgt(fc). 
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(iii) The map cti : P — »■ Xo is a principal (Yj =4 Yg) -bundle over Xo- 

Given two bibundles / = (aj,, P, or) and /' = (a' L , P', a' R ), a 2-isomorphism from / to /' is 
a diffeomorphism <p : P — >■ P' which commutes with both (Xj =4 Xo)- and (Yi =4 Yo)-actions. 

The composition of bibundles is not strictly associative, but associative up to a (canonical) 
2-isomorphism. Therefore Lie groupoids and bibundles do not form a category, but form a 
bicategory. We denote by *Bi the bicategory of Lie groupoids and bibundles. 

Any bibundle induces a continuous map between underlying spaces and a group homo- 
morphism between stabiliser groups. Suppose that we have a bibundle / = (cii, P, a R ) from 
Xj =$ Xo to Y\ =t Yq. For any p,p' G P and a G Xj satisfying src a — a R (p) and tgt a = oc R (p'), 
there is a unique 6 6 Yj such that ap = pb, tgt & = oc R (p') and srcfr = ct R (p). This fact 
guarantees that the map 

Ff : Xq/Xj -> Y /Y i; [« R (p)] ^ [a L (p)] (p G P) 

is a well-defined continuous map and the map 

(Xi^X ) aR ( p ) ->• (Yi=JYo)» t (p); « ^ & 

is a group homomorphism. (Two isomorphic bibundles induces the same continuous map 
and the group homomorphism.) If two groupoids X\ =J Xo and Y\ =1 Yq are equivalent in 
the bicategory 25 i, then the underlying spaces Xq/Xi and Y$/Y\ are homeomorphic and the 
group structures of stabiliser groups at the points corresponding under the homeomorphism 
are isomorphic. Therefore topological structures on the underlying space and stabiliser groups 
are invariants of the category 

2.2 Differentiable stacks 

For details of stacks, see Behrend-Xu [2 J, Heinloth [9], Metzler [16] and Lerman [12 j . 

Roughly speaking, a stack is a category X equipped with a functor from X to a base site 
satisfying some conditions including a so-called "gluing condition". Here a site is a category 
equipped with a Grothendieck topology. Theory of stacks can be discussed for several base 
sites, but we only use the category SHff of smooth manifolds and smooth maps as a base site in 
this paper. 

We define a Grothendieck topology on £>iff as follows. For U G £Kff, a family {/,■ : IT, — >■ 
U}i of smooth maps to U is called a covering family of U if /; : U t ^ U is a local diffeomor- 
phism for each i and the total map U li, — > II is surjective. The function K assigning to each ob- 
ject U G SHff the collection K(U) of covering families define a basis of Grothendieck topology 
(cf Metzler lTT6l Definition 5]). The basis of Grothendieck topology generates a Grothendieck 
topology on the category S)iff. 
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Remark 2.7. For general definition of Grothendieck topology see Metzler [16] and Vistoli |25J. 
Note that a basis for a Grothendieck topology (pretopology) is called a Grothendieck topology 
in Vistoli |25 Definition 2.24]. We follow Behrend-Xu [2] for definition of covering families 
in 2) iff and the same definition is used in Lerman [ 12 . Remark 2.17] and Lerman-Malkin [ 13 ] . 
Metzler uses a slightly different definition for covering family but the Grothendieck topology 
is the same as our Grothendieck topology. 

Definition 2.8. A category fibred in groupoids (over Siff) is a category X equipped with a 
functor Fx '■ X — > 2) iff satisfying the following conditions. 

(i) For any / : V — >■ U in Diff and any iel with Fx(x) = U, there is an arrow aiy-S-iin 
X such that Fx (a) = f. 

(ii) Suppose we have two arrows d\ : y\ — > x and «2 : yi x - For any smooth map 
/ : Fx{yi) — > Fx(]/2) with Fx (#2) f — Fx{ a i) there is a unique arrow b : y\ — > 1/2 such 
that a^b — a i and Fx(b) — f ■ 

The functor F x ■ X — >■ iBiff is called the base functor of the category fibred in groupoids. 

Omitting the base functor Fx, we often say that X is a category fibred in groupoids. More- 
over Fx is described as Namely x = Fx(x) for x £ X and a — Fx(a) for an arrow a in 
X. 

The collection of all categories fibred in groupoids form a 2-category: 

Definition 2.9. A morphism of categories fibred in groupoids from X to 2) is a functor cp : 
X — > 2) which commutes with the base functors. 

For two morphisms of categories fibred in groupoids (p\, q>i : X — > 2J, a 2-morphism of 
categories fibred in groupoids is a natural transformation a. : cp\ — >■ cp2 such that the horizontal 
composition Fsq * a is the identity transformation of Fx ■ 

The fibre of X over U E SDiff is the groupoid X(j with objects {x 6 X | x = U} and arrows 
{arrow a in X | a = id^f}. 

Given a category fibred in groupoids X, for every object x E X and every f : V — >■ x in S)iff 
we choose an arrow a :y->-iinI such that a=f(cf Definition |Z8}. The object y is called the 
pullback of the object x via / and denoted by f*x. 

Let a : x — > y be an arrow in a fibre Xu and / : V — »■ IT a smooth map. Then we have two 



arrows b x : f*x — > x and by : /*y — > y which we have chosen. Then by Definition 2.8 there is 
a unique arrow a : f* x — » f*y such that a belongs to Xy. The arrow a is called the pullback of 
the arrow a via / and denoted by f*a. 

We can assign the descent category X^ Uj ^ U j to each covering family {/, : !i, — > U} and 
there is a natural functor from the fibre X(j to the descent category Xr u .^.m.. The category 
fibred in groupoids is called a stack (over £Hff) if for any covering family the natural functor is 
an equivalence of categories. 
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The collection of all stacks (over D iff) form a 2-subcategory 6tS)iff of the 2-category of 
categories fibred in groupoids. We regard two stacks as the same stack if they are equivalent. 
Remark 2.10. Some authors say two stacks which are equivalent are isomorphic. But we follow 
the ordinary terminology of theory of 2-categories. 

Let G be a Lie group. For a right G-space M, we can define a stack [M/G] as follows. An 
object of [M/G] is a pair (n,e) of a principal G-bundle n : P — > U over a manifold U and a 
G-equivariant map e : P — > M. The object ( 7T, e) is often denoted by U <— P — » M. An arrow 

from V < — Q — s> M to !i < — P — > M is a pair (/,/) of smooth map / : V — > 17 and a 
G-equivariant map f : Q P which makes the following diagram commutative: 




The category [M/G] is a category fibred in groupoid with the base functor 
[M/G] -»2>iff; 



(U < — P — > M) I— > LT for objects, 
(f,f)—>f for arrows. 



For any object ii 



7T „ £ 

<s— P -> 



M over U and any smooth map / : U — > V, the diagram V 



V jrx n P — ^-h M gives an object of over V and we have an arrow in [M/ G] . 




P M as the pullback of U £- P A M via /. We can 



We choose the object V 

show that the category fibred in groupoids [M/G] is a stack. The stack is called the quotient 
stack associated to the G-space. 

An arbitrary manifold M can be considered as a quotient stack [M/{1}]: An object is a 
smooth map / whose target is M and an arrow from g : V ^ M to f : U ^ M is & smooth 
map a : V — > U with f o a — g. Thanks to the 2-Yoneda embedding, the category 2) iff can be 
embedded into the 2-category of stacks ©tSiff. We identify every manifold M with the stack 
[M/{1}]. A stack X is said to be representable if there is a manifold equivalent to the stack X. 

In ©tSiff we can always take a 2-fibre product. 
Definition 2.11. Let q>\ : 2)i — > X and cp2 '■ 2)2 % be two morphisms of stacks. The (2-)fibre 



product 2) 



1 fl X f2 



%1 ls a stack defined as follows. The class of objects is 



{(yi/3/2/fl) I Vl e 2Ji/ yi e 2J 2 , y = y' = U, a : <p{y) -> <p'(y 2 ) inX y }. 
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An arrow from (\j\,\)i, a ) to y' 2 , a!) is a pair of arrows {b\ : y\ — > y[, b 2 ■ t/2 y'2) satisfying 
b\ = b 2 and a' o <pi(bi) = ^2(^2) «• The base functor 2Ji Vl x V2 2)2 — > ®iff is given by 
(l/l,l/2/ fl ) — J/l ror objects and (bj, f^) = ^1 for arrows. In particular 2)i x 2)2 is defined as the 
2-fibre product 2Jj ^ x ^ 2)2 for <pi : 2Ji — > pt and cp 2 : 2)2 — > pt. 

Definition 2.12. A morphism of stacks <p : 2} — >■ X is said to be representable if for any 
morphism of stack F from a manifold U to X the fibre product Up x ^ 2} is representable. 

Definition 2.13. A representable morphism cp from a manifold X to a stack X is called an atlas 
(resp. etale atlas) of X if for any morphism F from a manifold U to the stack X the projection 
map from the representable stack UfX^Xto IT is a surjective submersion (resp. surjective 
local diffeomorphism). 

Let (p : Xq — > X be an atlas of a stack X. Choosing a manifold X\ which is equivalent to the 
representable stack Xo q, x v Xo, we obtain a 2-cartesian diagram: 

>X 

v 

^X. 

V 

We can see that X^ =4 Xq is a Lie groupoid whose source map and target map are s and t, 
respectively. The Lie groupoid Xi z4 Xo is called the presentation of X associated to the atlas. 

Two presentations of the same stack associated to two atlases are equivalent in 23 i, therefore 
any invariant of the category 23i (e.g. the underlying space, the stabiliser groups, etc.) is also 
an invariant of differentiable stacks. See Lerman [12J for more details. 

Definition 2.14. A a stack X is called a differentiable stack (resp Deligne-Mumford stack) if 

X has an atlas (resp etale atlas) and the presentation associated to the atlas is proper. 

Definition 2.15. Let X\ =$ X be the presentation of X. Suppose that both Xj and X have 
constant dimensions. We define the dimension of X by 2 dim Xo — dim Xi. 

Definition 2.16. Let Xj Xo be the presentation of X associated to an atlas. 

• A differentiable stack X is said to be compact if so is X /Xi. 

• A differentiable stack X is said to be connected if so is Xq/X\. 

Definition 2.17. A stack X is said to be type-R if 

(i) the stack X is a compact and connected Deligne-Mumford stack, and 
(ii) a generic stabiliser group of X is trivial. 

Example 2.18. Let G be a compact Lie group and M a (right) G-space. The quotient stack 
[M/G] always has an atlas ti m : M — > [M/G] called the natural projection. For objects, 



Xi 



X 
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n M (m : U — > M) = (U < — U x G — > M), where = m(u)g. Therefore the quotient 

stack is differentiable. The action groupoid M x G is a presentation of the atlas. If the G- 
action is locally free, then the quotient stack is Deligne-Mumford. (This does not mean that 
the natural projection is an etale atlas.) 

2.3 Differential forms and vector fields over stacks 

We describe geometric objects (e.g. differential forms, vector fields, etc) on Deligne-Mumford 
stacks using sheaves over the stack. The general definition of a sheaves over stacks can be 
found in Behrend-Xu |2J and Metzler [16J. Kashiwara and Schapira [11] explain a general 
theory of sheaves over sites. Note that a Grothendieck topology on a stack can be induced by 
the Grothendieck topology on the category T) iff. 

Differential forms over a differentiable stack (TJ |2) We define the sheaf O k x of differential 
fc-forms on a differentiable stack X as follows. For an object x G X over il, Q k x is defined by 
the space O k (U) of A: -forms on U. For an arrow a :i->yinl with a : U — » V, we assign the 
pullback map a* : O k (V) -> O k {U) to O k x (y) -> O k x (x). This presheaf O k x : X -> (M-Vect) 
satisfies the conditions to be a sheaf over X. Since the exterior derivative d commutes with 
pullbacks, d makes the abelian sheaves Q* x a complex. The complex Q* x is called the (big) de 
Rham complex of X. The de Rham cohomology of X is defined as the hypercohomology of X 
with values in fl x . 

Using the presentation Xi =4 Xo associated to an atlas of X, we can calculate the de Rham 
cohomology Hp R (X) more explicitly. The set of (global) A: -forms on X is given by 

n k (x) = { v e n k (x ) \ src * v = tgt* rj}. 

The de Rham cohomology is isomorphic to the cohomology of the complex (O k (X), d). 

Remark 2.19. In general, the set of global sections of a sheaf T over a stack X is defined by ap- 
plying the global section functor T to T . If X is differentiable, the set is canonically isomorphic 
to the equaliser of the two restriction maps J-(Xi) =4 F(Xq), where Xi =4 Xo is a presentation 
associated to an atlas Xq — > X. 

Remark 2.20. For any vector space V, we can define the sheaf of differential fc-forms on a dif- 
ferentiable stack X in a similar way. 

Vector fields over a Deligne-Mumford stack fl3l If we have a Deligne-Mumford stack X, 
then we can define the tangent sheaf Tx as follows. Let Z\ Zq be the presentation of X 
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associated to the etale atlas p : Zq — » X. For x £ Xu we have the following cartesian diagrams: 



vi ; v — ^ u 

> I* \ x 

Z l > z o — p — >■ X 

Note that Vj =4 Vb is an etale groupoid and a presentation of U. Since Zj =4 Zo is etale, 
src* TZq = tgt* TZq = TZ\. According to descent theory, there is a vector bundle £ — >■ U 
(which is unique up to isomorphisms) such that the pullback q*E is isomorphic to /qTZq. 
Then define 7~x(x) as the set of global sections of the bundle E — > U. For an arrow a : x — »■ y, 
7~x( a ) '■ Tk(y) ~^ 7~x( x ) is naturally defined. Moreover the tangent sheaf 7% is independent 
of the choice of the etale atlas. The set of global sections of the tangent sheaf is denoted by 
Vect(X) and an element of Vect(X) is called a vector field on X. 

Proposition 2.21 (Lerman-Malkin fl3l ). Let X\ =4 Xo be a presentation of an atlas p : Xo — >■ X of a 

Deligne-Mumford stack X. 

(i) Let A be the pullback bundle of ker(dsrc) — > Xj along the unit map Xq — > X\. Then the map 
dtgt : A — > TXo is an injective bundle map. (Thus we regard A as a subbundle ofTX^.) 

(ii) The (small) sheaf over Xq induced by the tangent sheaf Tx is the sheaf of sections of the bundle 
TX /A. 

(hi) The (small) sheaf over X\ induced by the tangent sheaf Tx is the sheaf of sections of the bundle 

TXi I (ker d src + ker d tgt). 
(iv) The set of vector fields Vect(X) is explicitly given by the following quotient vector space: 

V/{{v\,v Q ) 6 V | vi 6 ker(dsrc) +ker(dtgt)}. 

Here V = {{v\,Vq) E Vect(Xi) x Vect(Xo) | dsrc ov\ = vqo src, d tgt ov\ = v$ o tgt} and 
Vect(X,) is the space of the (ordinary) vector fields on X,- (i = 0,1). In particular, if the atlas 
p : Xq — > X is etale, then Vect(X) is isomorphic to V. 

Symplectic forms 1 13 1 Let Xi =4 Xo be a presentation of a Deligne-Mumford stack X associ- 
ated to an atlas p : Xo — > X. For a vector field {v\,vq) £ Vect(X), we can define the interior 
product 

i(vi,v Q ) : O k {X) ->■ n k - l {£); t] ^ i{v )n. 

A 2-form cv £ O 2 (X) on X is said to be nondegenerate if the map 

Vect(X) — > f3 1 (X); {v\,Vq) i(v\,Vq)co 

is a linear isomorphism. This is equivalent to the condition that ker to = A. A closed nonde- 
generate 2-form a; on X is called a symplectic form on X and a symplectic Deligne-Mumford 
stack is a pair (X, a;) of a Deligne-Mumford stack X and a symplectic form co on X. 
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Orientations and almost complex structures Let X be a differentiable stack of dimension n. 
The stack X is said to be orientable if Q n (3t) is isomorphic to O(X) as an (9(X)-module. For 
an orientable stack X we define 

n"(x) gen = {to g n n (x) | 0{X)co = n n (x)}. 

and we denote by C(X)+ the space of (global) positive functions. An orientation of X is a 
choice of an element of the quotient set D"(X)g en / (9(X) + . For a Deligne-Mumford stack X, 
an orientation is nothing but a pair of orientations of Zq and Z\ compatible with the source 
and target maps. 

Let X be a Deligne-Mumford stack. An almost complex structure is an endomorphism 
/ : 7x - > Tx of 0£-modules satisfying J 2 = — idf x . For an atlas p : Xq — > X, an almost 
complex structure / on X induces a complex structure of the vector bundle TXq / A compatible 
with the source and the target map. In particular, for an etale atlas £ : Zq — > X, an almost 
complex structure / induces almost complex structures on Zq and Z\ which are compatible 
with the source and target maps. Here Z\ =i Zq is an presentation associated to the atlas 
£ : Zq — > X. In particular, an almost complex structure induces a canonical orientation on X. 

Integral over a Deligne-Mumford stack |1| A partition of unity of a proper etale groupoid 
Z\ =4 Zq is a smooth function p on Zq such that src* p has proper support with respect to 
tgt : Z\ — »■ Zq and tgt, src* p — 1. Not all proper etale groupoid has a partition of unity, but 
for any proper etale groupoid Z\ Zq, we can find a proper etale groupoid Z [ =i Z' which is 
equivalent to Z\ =| Zq and has a partition of unity. 

Let X be an oriented and compact Deligne-Mumford stack with an etale atlas £ : Zq — » X 
and Z\ =i Zq a presentation associated to the atlas. If the presentation Zj Zq has a partition 
of unity p : Zq — >■ M., then we can define an integral 

/ x :n«(X)^M; J x <o = J 2o P«. 

Here n = dim X = dim Zq. This gives rise to a linear map H" (X) — »■ M as usual. Moreover the 
Poincare duality holds: The pairing 

% R {X)(E)H n DR v (X) ^M; ([07],[j/]) / x ^A^ 

is nondegenerate. 

2.4 An orbifold Riemann surface as a stack 

In this paper we consider an orbifold Riemann surface as a Deligne-Mumford stack. We 
describe how to construct the stack in this subsection. We basically follow terminologies of 
Moerdijk-Pronk Q8JQ11 for orbifolds. 
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A compact orbifold Riemann surface is a quadruple E = (E,j, z,m) of a closed Riemann 
surface E, a complex structure j on £, a A:-tuple z = (zj, . . . ,zj.) of distinct points on E and 
a fc-tuple m = [m\, . . . , m^) of positive integers. We define the multiplicity m of p 6 I as 
follows: 

m, if p = Z{ for some i, 
1 else. 



m 



A point p G £ is said to be smooth if its multiplicity is 1. 

First we recall an orbifold atlas for the compact orbifold Riemann surface E. For a point 
p of multiplicity m, we choose a complex coordinate system Wp : Vp — > C centred at p so 
that Vp \ {p} consists only of smooth points. We also choose an open disc Up C C centred 
at the origin and a holomorphic map Tip : Up — >■ E satisfying 7Tp(0) = p, n p (Up) = Vp and 
(lOp o 7ip) (z) = z m . Here z is the standard coordinate function on C. Then the group 



_ f 2n±k 

Gp = <e m e 



k = Q,...,m-l\ SZ/mZ 



acts on LTp as multiplication and the map Tip induces a homeomorphism from Up/ Gp to V p . 
Then ( Up, Gp, Tip ) is an orbifold chart for Ti p (Up) and the family U = { ( Up, Gp, TTp ) } pez is an 
orbifold atlas on E. 

We consider the tangent bundle TL. This is a complex orbibundle over E. Choosing a met- 
ric compatible with the complex structure, we obtain the S 1 -bundle P consisting of unit tangent 
vectors. It is easy to see that the total space of the bundle is a smooth manifold. Moreover the 
circle group S 1 acts locally freely on P as complex multiplication (on the right). 

Since the orbifold E can be obtained as the quotient of P with respect to the S^action, we 
regard the quotient stack X = [P/S 1 ] as the orbifold Riemann surface E. By the construction 
of X, the stack X is type-R. 



By Proposition 2.21 the sheaf over P induced by the tangent sheaf is the sheaf of sections of 
N = TP/g p . Here g is the Lie algebra of S 1 . The bundle N is an S 1 -equivariant vector bundle, 
and N / S 1 — > P/S 1 is naturally identified with the tangent bundle TE. Therefore the vector 
bundle N is equipped with a complex structure compatible with the S 1 -action. The complex 
structure gives the almost complex structure on X which will be denoted by j as well. 



3 The category of representable morphisms 

In this section, we discuss the category of representable morphisms of stacks from a (type-R) 
stack to a quotient stack. The category of (representable) morphisms from a manifold to a 
quotient stack is a prototype. Let M be a G-space. By the 2-Yoneda lemma and the definition 
of quotient stacks, any (representable) morphism of stacks q> from a manifold U to the quotient 
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stack [M/G] corresponds to the 2-cartesian square 



P " s~ M 

y TT M 

U ^[M/G]. 



Here n p : P — >■ (J is a principal G-bundle and u : P — >■ M is a G-equivariant map. To replace U 
with a (type-R) stack X, we discuss a certain category <p G (X) which is similar to the category 
of principal G-bundles. After that we show that the group of automorphisms of the category 
for the type-R base X is the same as the ordinary gauge group action. Finally we discuss the 
category of representable morphisms from X to the quotient stack [M/G]. 



3.1 The category <£ G (£) 

For a stack X and a compact Lie group G, we construct a category <p G (X) as follows. 

Definition 3.1. An object of *p G (X) is a pair of a morphism n p : P — > X from a right G-space P 
to X and a 2-morphisms of stacks a : n p o pr x — > 7T P o t/> 



PxG 
P r i 



satisfying the following conditions. 

(i) The morphism 7r p : P — > X is an atlas, 
(ii) The morphism of stacks 



\(p f g)->(P*Pg><r(P>g)) forobjects, 
[/—>•(///) for arrows 



is an equivalence. (Therefore the above square is 2-cartesian.) 
(iii) For any p E P, g,h E G with p = g = h, the following identity holds. 

cr(p,gh) = cr(pg,h)cr(p,g). 



(1) 



Remark 3.2. If (n : P — > X,a) is an object of < p G (X), the stack X is equivalent to the quotient 
stack [P / G] . On the other hand, for any quotient stack [P/G] we can naturally obtain an object 
(tt p : P -> [P/G},a p ) of <p G ([P/G]). (For (p,g) E (P x G) u , ^ p (p /<? ) : U x G -> U x G is 
defined by a p (p,g)(u,a) = (w^ii) -1 ^).) The point of the definition of *p G (X) is that we can 
stick with a fixed base stack X. 
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Definition 3.3. An arrow between two objects (tz : P — > X, c) and (tz' : P' — > X,cr') of *$ G (X) 
is a pair of a G-equivariant diffeomorphism <p : P — >■ P' and a 2-morphism of stacks T : 7r — > 
7r' o cp such that for any (p,g) £ P X G the identity T(pg)a(p,g) = cr' (cp(p), g)r(p) hold. 



X. 

For two arrows (<p,r) : (7T,<r) — >■ (71', c') and {cp' ,t') : (tz' ' ,o J ) — > (tz" ,o~") in < p G (X), the 
composition ((p', T')(cp, t) is defined by (<£>' o <p, (V o id^,) • t), where o is the horizontal com- 
position and • is the vertical composition. The identity arrow of (tz : P — >■ X,cr) is (idp^d^). 
Then *p G (X) form a groupoid. 

Remark 3.4. For a manifold X, *}3 G (X) is the category of principal G-bundles over X. 

Remark 3.5. A G-stack is defined by Romagny [22 1 as a generalisation of G-spaces. If we regard 
a stack X as a trivial G-stack, then any object (tz, cr) of *p G (X) gives a morphisms of G-stack. 
Moreover for any arrow (<p,x) : (tz, cr) — > (tz' , c') in *}} G (X), the 2-morphism of stacks t gives 
a 2-morphism of G-stacks tz — > 7r' o cp. 

Let (tt p : P -> X,cr) be an object of «p G (X). For any representable morphism F : 2) — >■ X, 
we can construct an object of *p G (2)) by taking a pullback. Now we have a manifold Q and the 
2-cartesian square 

Q *P (2) 




Define e' : Q x G — > P by z'(q,g) = s(q)g. Then the map 

Ob(Q xG)4 Ar(X); ^ cr(e(q),g)a(q) 

gives a 2-morphism of stacks F o (tz o prj) — » tz p o e' . Since the above diagram is 2-cartesian, 
there is a unique smooth map ip' : Q x G — » Q and a 2-morphism of stacks a' : no pr 1 — » 7r o ip 
such that eoip' — e' and 

= ),*)*(<?) ( 3 ) 

for any 6 Q x G. 

Proposition 3.6. T/ze maps if ' : Q x G ^ Q defines a right G-action on Q. 

The following lemma is a direct conclusion of the universality of the 2-cartesian square d2|. 
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Lemma 3.7. Let n : R —> 2) and e : R P be morphisms of stacks. Suppose we have two pairs 
(fl'Pl) an d (fir ^2) °f a smooth map ft : R — >■ Q with I = soft and a 2-morphism of stacks 
fc-.TC^rTio fi (i = 1,2): 




I/«(/i(r))F(fr(r)) = «(/ 2 (r))F '(/3 2 (r)) for any r e R, ffcen/i = / 2 and ft = |S 2 . 



Proof of Proposition 3.6 First we show that ip'(q, 1) = q holds for any q E Q. Define s : Q — > 
Q x Gbys(a) = (fl,l). Let (f\,pi) = (ip ° s, o id s ) and (f 2 , P2) = (idQ, id^), then we obtain 
the following 2-commutative diagram (z = 1,2): 




Then the identity ifjj implies a (f\(q))F (fi\(q) ) = #(/ 2 (<7))F(j6 2 (a)) for any q £ Q. Thus Lemma 
|3,7| implies /x = / 2 i.e. ip'(q,l) = q. 

Next we show that ip'(xp'(q,g),h) = ip'(q,gh) holds for any (q,g,h) 6 QxGxG, Define 
si : QxGxG^-Qx G by s\(q,g,h) = (q,gh) and s 2 :QxGxG^Qx G by s 2 ft) = 
(ip'(q,g),h). Let (/i,jSi) = o s lr o-' o id s J and (/ 2 , j8 2 ) = ()// o s 2 , (V o id s J • (ct 7 o pr 12 )), 
then we obtain the following 2-commutative diagram (z = 1, 2): 




Then the identities jlj and <[3j> imply cc(fi(q))F (fii(q)) = a(/ 2 (^))F(/5 2 (^)) for any q £ Q. Thus 
Lemma |3^ implies /1 = / 2 i.e.ip'(q,gh) = ip' (ip' (q , g) , h) . □ 

From now on, ip'(q,g) is denoted by (jg. Then we can write the identity ^ in the form 

oc(qg)F(o J (q / g)) = a(e(q),g)a(q) (4) 

for any (q,g) 6 Q X G. The identity toif' = g' implies that the smooth map £ : Q — > F is 
G-equivariant. Note that we also obtain the following identity 



o-'(q,gh) = o J (qg,h)o J (q,g) 
for any (q,g, h) 6 Q x G x G in the proof of the above proposition. 



(5) 
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Proposition 3.8. The pair (tz : Q — >■ 2), a 1 ) is an object of (2)). 
Proof. It is sufficient to see that the morphism of stacks 

<P:QxG^ QlT x n Q; \^' g) ~* f ° r ob j ects ' 

for arrows 

is an equivalence (over each manifold U). First we show that the morphism <p is fully faith- 
ful over U. Let {q\,g\), (qz,gz) 6 Q x G be objects over !J. Suppose that we have an ar- 
row {qi,qigi,o-'(qi,gi)) ->■ (qz, qzgz, (qz, gz)) in (Q n-x^ Q) y . Since such an arrow is an 
identity arrow, we have [q\, q\g\, o~'{qi,gi)) = (qz/ qzgZi °" '{qzi gz)) ■ Moreover this implies 
that {e{q 1 ),£{q 1 )g 1 ,a{E{q 1 ),g 1 ))) = (e(q2),£{qz)gz,<r(£(q 2 ),gz))) in {P n e x nP P) u . Therefore 
gl = g2 and the morphism <$> is fully faithful over U. 

Next we show that the morphism <J> is essentially surjective over U. Let (qi,q 2/ a) be an 
object of {QttXtzQ)u- Since ^(q^, £(q 2 ), a(q 2 )F (a)a(q 1 )- 1 ) is an object of (P nP x n p P) u , there 
is (p,g) e(Px G) u such that (£{q 1 ),£{q 1 ),oc{q 1 )F(a)oc{qiy l ) = (p,pg,cr(p,g))- Now the pair 
(^(qi'g)^' 1 ) gives an arrow from (n(q 2 ), e(q 2 ), &{qz)) to {7t(qig),e(qig),a(qig)). In fact, 

^cr(p,g)a(q 1 )F(a)- 1 (v ©.) 

= Oc{qz). (••■ o-(p,g) = a(q 2 )F{a)a(q 1 )- 1 .) 

Since the diagram (|2j is 2-cartesian, we can conclude that q 2 = q\g and a = cr'{q\,g), i.e. 
(q\,q2,a) = {qi,qig,o~'(qi,g))- Therefore the morphism <P is essentially surjective over U. □ 

3.2 Automorphisms in ^ G (3£) 

Let X be a differentiable stack. For an object (tt : P — > X, c) of (X), we consider the group of 
automorphisms Aut(7T, <r) of (tt, u) in *}3 G (X). Let (<f>, t) G Aut(7i, (7). Since t is a 2-morphism 
of stacks 7i o idp — »■ tt o q>, we have a unique smooth map j/^ >cr \ = 7 : P — > G making the 
following diagram commutative. 




Therefore <p(p) = pj(p) for any p £ P. Since cp is G-equivariant, p r y{p)g = Pgj{pg) for any 
p E P and g 6 G. We also have r(p) = o~(p,'y(p)) for p e P. 
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Now we assume that the stack X is type-R (cf. Definition 2.17 1. Since [P/ G] is equivalent to 
X, the G-action of P must be locally free and effective. Therefore j(pg) = g i l(p)g holds for 
any g £ G. Define Q (P) by 

Q(P) = {7 e C°°(P,G) I 7 (pg) =g- x 7(p)^ foraUp £ Pand# £ G}. (6) 

The space Q (P) inherits the group structure from G. It is easy to see that the above assignment 
(<P,t) 1 — y 7(<p,r) gives an injective group anti-homomorphism from Aut(/T, c) to Q (P). Suppose 
7 £ £(P)- Putting q>(p) = P7(p) and r(p) = cr(p,j(p)), we can easily check that (<p, t) £ 
Aut(/T, c). Thus the group anti-homomorphism is surjective. 

Proposition 3.9. If X is type-R, then Aut(/T : P — > X, c) is anti-isomorphic to the group Q{P). 



3.3 The category of representable morphisms 



Let M be a right G-space and X a differentiable stack. Making use of the category *}3 G (X) we 
construct a category which is equivalent to the category of representable morphisms from X to 
the quotient stack [M/G]. 

Definition 3.10. We define a category <K G (X,M) as follows. 

• An object of *K G (X, M) is a triple (n, o~, e) such that ( n, a) is an object of *p G (X) and e is a 
G-equivariant map P — > M. 

• An arrow (71,(7,6) — > (n' ,cr' ,e') in 91 G (X,M) is an arrow [<p,x) : (71, o~) — > (n',a') in 
^P G (X) satisfying e' o cp = e. 

• The composition of two arrows (<p, t) : (n,a,£) — > (tz' ,cr' ,e') and (q>' , t') : {re 1 , a') — > 
(n",a") is defined by the composition (cp', t')(^,t) in<p G (X). 

• The identity arrow of ( n, cr, e) is defined by the identity arrow l( nc A in *P G (X) . 

The category of representable morphisms from X to [M / G] is denoted by Mor Rep (X, [M / G] ) . 
Theorem 3.11. The category Mor Re P(X, [M/G]) is equivalent to the category «H G (X,M). 

Define a functor Y : Mor Re P(X, [M/G]) -> IH G (X,M) as follows. For each representable 
morphism F : X — > [M/ G], we can choose a manifold P F , a morphism n F : P F — >■ X and a 
smooth map e F : P F — > M so that the following square is 2-cartesian: 




Propositions 



3.6 



and 



3.8 



say that there is a 2-morphism of stacks cr F : pr 1 o n F — >■ xp o n F such 



that (7r f : P F — > X, o~ F ) is an object of Cp G (X) and e F is G-equivariant i.e. (n F , o~ F , e F ) is an object 
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of 9* G (X,M). We define Y(F) by (n F ,a F ,£ F ) (cf. Remark [^I). Note that the 2-morphism of 
stacks o~ F satisfies 

a F (pg)F(cr F (p / g)) = a M (e F (p),g) a F (p) (7) 

for any (p,g) G P X G. 

Let Fx and F2 be representable morphisms X — » [M / G] and : Fj — » F 2 a 2-morphisms 
of stacks. Since we have a 2-morphism of stacks a Fl • o id Fj ) : F 2 o tc f ^ — > e Fl o n M , we 
obtain a unique smooth map <p e : P Fl — > P Fl satisfying e Fl o q> = e Fl and a unique 2-morphism 
of stacks r e : tz Fi — > n F2 o q>: 




(8) 



[M/G]. 

•- 1 

Here the 2-morphism of stacks t 8 satisfies 

^(cp e (p))F 2 (r e (p)) = ^(p)0(n F ^p))- 1 
for any p G P Fl . 

We see that (cp ,T e ) is an arrow (n Fl ,a F ' l ,e Fl ) -> (n F2 ,a F2 ,£ F2 ) in the category <H G (£,M) 
Let (f lt fr) = (/ o 0, (t 9 o id^) • ^1) and (/ 2/J 6 2 ) = (t/> o (/ x id G ), o id /xidc ) . (r e c 
idp r )). Then we have the following 2-commutative diagrams (z = 1,2): 

F F i x G 




Then for (p,g) G P Fl x G we have 

« f2 (/l(P^))f2(/3i(p^)) = a F2 (/(P^))f2(T e (pg))F 2 ( £ r f 1 (p^)) 

= a F i(p^)0(7r F i(pg))- 1 F 2 (^(p^)) 
= a F i(pg)F 1 (^(p / g))0(7r F i(p))- 1 
= cr M (^(p) /g )^(p)0(7^(p))- 1 . 

On the other hand, we have 

* F2 (f2(p,g))F 2 (h(p,g)) = ^( 9 e (p)g)F 2 (a F2 ( ( p s (p),g))F 2 (T S (p)) 

= a M (e F2 ( C p e (p)),gy F2 (cp e (p))F 2 (T e (p)) 
= a M {e F ^p),g)^{p)9{n F Hp))-\ 



®0 
00 



(••■ <©•) 
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Applying Lemma 3.7 we conclude that f\ = fi and f>\ = p2, i.e. for (p,g) G F Fl x G we 
have f 6 {pg) = f 6 {p)g and T e (pg)a Fl (p,g) = c F2 {q> e {p),g)r e {p). Similarly we can see that 
q> 8 is a diffeomorphism. (In fact, <p( d ) is the inverse of Therefore (cp e ,T S ) is an arrow 
(7T F i,D- F i,e F i) (7r F 2,cr F 2 /£ f 2) in the category 1R G (X, M). We define ^(0) = (/,T ). 

Lemma 3.12. The functor Y : Mor Re P(X, [M/G]) ->■ <K G (X,M) is faithful. 

Proof. Let and 0' be two 2-morphisms of stacks from Fj to F2 in Mor Rep (X, [M/G]). Suppose 
that we have an arrow (<p,T) : f(0) -> in<H G (X,M). Because of Identity {81, we have 

6(n^(p)) =F 2 (T(p))- i ^( f (p))- 1 ^(p) =6'{n^{p)) 

for any p E P. Therefore it suffices to show that for any object x G X the arrow 0(x) can 
be calculated without 6. Let x £ X(j and {IT; — »■ 17} be a covering family of U in £>iff. Since 
[M/ G] is a stack, 0(x) can be uniquely determined by its pullbacks f*6(x). Therefore it suffices 
to show that f*6(x) can be calculated without 8. 

Choosing a manifold P x equivalent to U x x ^ F Fl , we have a principal G-bundle zr* : P x — > 
U, a G-equivariant map e x ■ P x — >■ Fp and a 2-morphism of stacks f> x : x o n x — >■ 7r Fl o e x . We 
may assume that the pullback of the principal G-bundle n x : P x — > U via /,■ is trivial: 




Here s, : IT, — >■ P x is a smooth map corresponding to a trivialisation. Using s, 6 (P x )u., we 
obtain the following arrows in [M / G] [j, : 



Fi(/6 x ( Si )) 



u 0(7r p i( Pi )) 
f2(/r Fl (p«))- 



Because of Identity dsb, 0(;r Fl (p,)) can be calculated without 0, and so is f*9(x). 



□ 



Let F be a representable morphism from X to [M / G] . Making use of the atlas F F X G of X, 
we can describe F in an explicit way: 

Proposition 3.13. Let F G Mor Re P(X, [M/G]). If roe identify X wzf/z [F F /G], ffren the morphism of 
stacks F is isomorphic to the morphism of stacks F defined by 



F : [P F /G] ->• [M/G]; 



(7r,e) 1 — y (n,e F oe) for objects, 
if'f) ^ (///) for arrows. 
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Remark 3.14. There is an embedding 23 of the bicategory Si of Lie groupoids and bibundles 
into the 2-category ©tSiff of stacks over £>iff. For a Lie groupoid X\ =4 Xo, 23 (X^ =4 Xo) is 
the category of principal (Xi =i Xo)-bundles. For a bibundle fp from Xj =4 Xo to Y\ =i Yq, the 
morphism of stacks 03 (/p) : 23 (Xj =4 Xo) — > 23 (Yj =t Yq) is defined as follows. Any principal 
(Xi =4 X )-bundle a : Q ->• M naturally defines a bibundle /q from M =4 M to Xi =4 X . The 
composition /p o /q includes a principal (Y\ Yo)-bundle, and it is the image of /q via 23 (fp ) . 
The image of the embedding 23 is the 2-category of differentiable stacks (without the condition 
to be proper). For details of the embedding 23, see Lerman [ 12 . §4]. 

Proof. A bibundle corresponding a morphism of stacks can be obtained by by taking the fol- 
lowing pullback Ifl2l : 

P F x G — ^ P F - > M 




The triple (pr l7 P F , e F o xp) is a bibundle from P F X G to M X G corresponding to F : X — »■ 
[M/G]. It is easy to see that the morphism of stacks 23(pr 1 ,P F ,e F o ip) : [P F / G] -> [M/G] is 
isomorphic to F . □ 

Lemma 3.15. The functor Y : Mor Re P(X, [M/G]) -> <K G (X,M) is essentially surjective. 

Proof. Let ( 7r : P — >■ X, (7, e) be an object of IH G (X, M) and identify X with [P/ G] . Consider the 
morphism of stacks defined by 

, f (71', e') (71', £0 ef) for objects, 
F : [P/G] -> [M/G]; { ~ ~ 

K/'/) ^ (/'/) for arrows. 

It is easy to see that the following square is 2-cartesian: 

P 

Y 

[P/G] — ^ [M/G]. 

(The identity transformation gives a 2-morphism of stack in the above square.) This also 
implies that F is representable. Then we have a unique smooth map cp : P F — »■ P and a 2- 
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morphism of stacks T : n p — >■ cp o n such that the following diagram is 2-commutative. 

P F 




M/G}. 



Modifying the above discussion for Y(9) slightly, we can show that the pair (<p, t) gives an 
arrow from Y(F) to (n, a, e) in m G (X, [M/G]). □ 

Lemma 3.16. The functor Y : Mor Re P(X, [M/G]) -> <K G (X,M) is full. 

Proof. Let Fi,F 2 G Mor Re P(X, [M/G]). Suppose we have an arrow (<p,r) from¥ r (F 1 ) to Y(F 2 ) 
Since cp is a G-equivariant diffeomorphism, it is obvious that the following morphism E is 
equivalence: 

r c i r c , I f 7T,£) i— ^ (7T, <p o g) for objects, 
£ : [P f VG] -> [P F VG]; \ y Z ' 

{(f'f) ^ (f'f) for arrows. 

We identify [P^/G] with [P F i/G] via the above morphism. Then we can also identify Fj and 
F? because of Proposition 3.13 and e Fl o cp = e Fl . Therefore the functor f is full. □ 



an 



4 Symplectic vortex equation 

In this section, we define symplectic vortex equations over a compact Riemann surface L, re- 
garding L as a type-R stack X. First we fix notations for an orbifold Riemann surface. Secondly 
we see the definition of (representable) pseudo-holomorphic curve from X to a Marsden- 
Weinstein quotient (also known as a symplectic quotient). After that we define symplectic 
vortex equations and an energy functional. Finally we discuss the moduli space of solutions to 
the equations for a linear action of the circle group S 1 on the complex plane C. 

In this section, G is a compact and connected Lie group. The Lie algebra of G is denoted by 
g. We fix an invariant inner product ( , ) on g to identify g with its dual g v . 

A Hamiltonian G-space is a symplectic manifold (M,co) equipped with a (right) G-action 
and a G-equivariant map y. : M — > g satisfying 

pi(mg) = Ad(^- _1 )/i(ffi) for any m 6 M and g 6 G (9) 

and 

d( V ,Z) = -L{Z M )co for any £ eg. (10) 

Here Ad is the adjoint representation of G. Note that the G-action preserves to since G is 
connected. This map ji is called a moment map for the G-action. 
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4.1 An orbifold Riemann surface, revisited 



Let £ = z, m) be an orbifold Riemann surface and X the type-R stack corresponding to 
E 2.4 1 and (n : P — >■ X,c") an object of *}3 G (X). Since X is type-R, the right G-action on P is 
locally free and effective (cf. j|3.2|. In particular the space of connections 



A(P) = {A G n X (P,fl) I /(£ P )A = £ (Ve e 0) and !/>*A = Ad^A (Vg £ G)} 
is nonempty. 

The sheaf over P induced by the tangent sheaf Ty_ is the sheaf of sections of the bundle 
TP/ q f . Note that the bundle TP/q p has a complex structure coming from the complex struc- 
ture j on X, and we also denote by j the complex structure on TP/ g p . Since j is compatible 
with the source and target maps, the identity (j[v])g = j[vg] holds for any v G TP and g G G. 

We will need local slices for integrations over X and j |4.4| Let p G P and (U, q>, T) a triple of 

(i) a finite subgroup T C G, which acts on C in an orthogonal linear way, 

(ii) a /"-invariant open neighbourhood U of in C, and 

(iii) a smooth map cp : U — » P satisfying <p(0) = p and (p(gu) = <p(M)g _1 . 

The triple is called a (complex) slice at p G P if the map 

U x r G P; [u,a]\-t cp(u)a 

is a G-equivariant diffeomorphism onto a G-invariant open neighbourhood of p. Here T acts 
on ii x G by (m,«) ■ g = {g^u^^a) (u G !i, a G G and g G T). 

We may choose a family {(!i„ <p,-, T/)}/ of slices so that {cpj(Uj)G} is an open cover of P. Let 
Zq be the disjoint union |_|, Uj and / : Zo — >■ P is the map whose restriction to U, is the inclusion 
map cpi : U,- — > P. Let Z\ be a fibred product of the diagram: 

Zj ^ .PxS 1 ^ ^S 1 



(tgt,src) (tgt,src) 

Y T 

Zn X Zn > P X P. 

ixi 

Then we obtain a proper etale groupoid Zj =t Zq which is equivalent to P x G in the bicategory 
Si (cf. Lerman |Tl2l Definition 2.25]). It is easy to see that the composition n o i : Zq — >■ X is 
an atlas of X, and the groupoid Z\ =4 Zq is a presentation associated to the atlas. Note that the 
groupoid Z\ =i Zq has a partition of unity [1J. 

The space of 2-forms on X is given by the space of basic 2-forms on P 

n 2 ([P/G]) ={ V e Sl 2 (P) | i(f) V = (V£ G ) and f gV = t] (Vg G G)}. 
In terms of Z\ =1 Zq, the space of 2-forms on X is the space 

n 2 (Zi=^Z ) = {0e n 2 (Z ) | src* 6 = tgt* 6} 
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and an explicit correspondence between 2 ([P/G]) and fl 2 (Z\ =4 Zq) is given by i*t] = 8 for 
rj £ n 2 ([P/G}) andtf £ C1 2 (Z 1 ^Z ). 

We denote by p : Z\ — >■ S 1 the composition of pr 2 o 4. The map p satisfies ((tgta)jo(a) = 
t(src a) for any a £ Zj. The map 

e : Z x S 1 -4- P; (z,f) h+ i(z)t 

is an atlas of P, and a presentation associated to the atlas e : Zq x S 1 — »■ P is given by 

Zi x S 1 =4 Z x S 1 ; src(a, t) = (srca, £), tgt(a, f) = (tgta, l o(a)t). 

Note that the map e : Zq x S 1 — >■ P is S 1 -equivariant with respect to the right S 1 -action on 
Z x S 1 defined by (z, t) • t' = (z, tt'). 



4.2 Pseudo-holomorphic curves in a Marsden-Weinstein quotient 

For details of (smooth) Marsden-Weinstein quotients, see McDuff-Salamon 1141 . Cieliebak- 
Gaio-Salamon [5] is also helpful for our setting. 

Let (M, of) be a Hamiltonian G-space with a moment map pi : M — »■ g. Assume that £ g 
is a regular value of pi. Then ^ _1 (0) is a G-invariant submanifold of M and the G-action on 
// _1 (0) is locally free. Therefore the quotient stack M//G = [pr 1 (0)/G] is Deligne-Mumford. 

The quotient stack M//G inherits a symplectic form from (M, oi) as follows. Let 0Ju be 
the restriction of o> to f( _1 (0). A direct calculation shows that the 2-form a>u is basic: OJ-u £ 
Q 2 (M//G). Since the kernel of the 2-form cop at m £ f( _1 (0) coincides with 1 (°\m), o)^ is 
nondegenerate and therefore oj^ gives a symplectic form on M//G. The symplectic Deligne- 
Mumford stack M//G is called the Marsden-Weinstein quotient. 

Choose an almost complex structure / compatible with the G-action and 00 i.e. / is an almost 
complex structure on M such that xpg o / = / o ipg for any g £ G and the bilinear form 

g(vi,v 2 ) = v(v x,]v 2 ) (11) 

defines a Riemannian metric on M. Since the G-action on ^ _1 (0) is locally free, g 1 ' is 
a trivial subbundle of Tpi~ l (Q). The sheaf induced by the tangent sheaf T~m//g i s the sheaf 
of sections of the quotient bundle Tpi^ 1 (Q) / 'g?' The bundle Tpi^ 1 {Q) I gl 1 W inherits a 
complex structure from TM and it gives rise to an almost complex structure on Tm//g- 

We consider a representable morphism from a compact orbifold Riemann surface (E, j, z, m) 
to the Marsden-Weinstein quotient M//G. We regard the compact orbifold Riemann surface 
as a type-R stack X as Section [24| 

By Theorem |3. 11 a representable morphism F from X to M// G corresponds to an object of 



the category $H G (X, pi 1 (0)), i.e. a pair of an object (n : P — >■ X, a) of *p G (X) and a G-equivariant 
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map u : P — s> pi 1 (0): 



T A1 



X j^MIIG. 

We will stick with the presentation P x G to describe geometric concepts on X (cf. j |4.1} . 

Definition 4.1. The representable morphism F : X — » M//G is said to be pseudo-holomorphic 

if the map du : TP/ g p — > Tpi^ 1 (0) / g M is compatible with the complex structures: 

Jodu = duoj as a map TP/g p ->■ Tfi _1 (O)/0?'~ 1(o) . (12) 

Remark 4.2. This definition is independent of the choice of the object 
up to isomorphism. 



The above condition < |T2| can be described more explicitly by using a connection. For a 
connection A £ «4(P) the covariant derivative d^M £ O 1 (P, u*TM) of u is defined by 

d A M : TP u*TM; d A u{v) = du(v) - A(v) M {u{p)) for v £ T p P. 

We denote by d A u the complex antiholomorphic part of d A u: 

d A u = - (d A u + Jod A uoj) £ Q x (P,u*TM). 

Here d A u o j : TP — > TM is defined as follows. For v £ TpP there is a tangent vector v £ TpP 
such that [v\ = j[v}. Define (d A uoj)(v) = d A u(v). This definition is independent of the choice 
of v because the identity d A u(^ p (p)) =0 holds for any £ £ g. 

Proposition 4.3. A representable morphism F:l4 Mil G is pseudo-holomorphic if and only if there 
is a connection A £ A(P) satisfying that d A u = 0. 

Proof. First we note that we have the orthogonal decomposition 



T 



M(p) M = N uiv) ® g M (u(p)) 8 l9 M (u(p)). (13) 

Here Af tt ( p ) i s tne orthogonal complement of g M (w(p)) in T„(p)^ _1 (0). We can canonically 
identify the bundle Tp _1 (0)/g'' with N — >■ p _1 (0). We denote by vi and V2 the projections 
from © g M (u(p)) to the first and second component respectively. The condition |l2| is 
equivalent to the identity }v-[(du(p)v) = v\(du(p)jv) for every p £ P and V £ TpP. 

Suppose a representable morphism F : X — > M//G to be pseudo-holomorphic. Define a 
1-form A £ Q 1 (P,g) by the composition TpP -> r M (p)p -1 (0) -> g?'^ ) (u(p)) ^ g. It is easy to 
see that A £ A(P) and = 0. 
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Conversely suppose that we have a connection A G A(P) satisfying d A u = i.e. 



}(d A u)v = (d A u)jv 



for any v G TP. Applying the orthogonal decomposition (13) to the above identity we can 
easily see that the identity }v-[(du(p)v) = vi(du(p)jv) holds for every p G Pandc G T p P. □ 

4.3 Symplectic vortex equations 

The symplectic vortex equations are defined for the following data: 

• A Hamiltonian G-space (M, a;) with a moment map fi : M — > Q. 

• An almost complex structure / of M compatible with the G-action. 

• A compact orbifold Riemann surface (£,/, z, m). We regard it as a stack X. 

• A volume form dvolx of X. 

• An object (n p : P ->■ X, a) of the category <p G (X). 

A volume form dvolx of X is a nowhere-vanishing 2-form on X. Using a G-invariant Rie- 
mannian metric on P, we can easily see that a volume form of X always exists. Moreover for 
any 2-form a on X there is a unique function f G O(X) such that a = f dvolx- 

Since X is 2-dimensional, a choice of volume form dvol^ gives an orientation on X. On the 
other hand, the complex structure j on X also gives an orientation on X. Thus we choose a 
volume form dvolx so that both orientations are the same. More explicitly we assume that the 
following inequality holds: 



Here v is a tangent vector at p satisfying [v\ = j[v], and [ ] is the projection map from TP to the 
quotient bundle TP/g p . The left hand side of the inequality is independent of the choice of V 
since dvolx is basic. 

Fix a volume form dvolx of X. We define the Hodge *-operator by 
* : n 2 (X) -»■ f2°(X); *a = *(f dvolx) = /• 
The Hodge *-operator can naturally extend to a map O 2 (X, g) — > D° (X, q). 
Definition 4.4. The symplectic vortex equations are the partial differential equations 



for (A,u) G A(P) x Cq(P,M). Here C~(P,M) is the space of G-equivariant smooth maps 
from P to M. Note that the curvature F A belongs to Q 2 (X, g). 



dvolx(v,v) > for any nonzero [v] G T p P/g p . 



(14) 



d A u = 0, *F A + }i(u) = 



(15) 
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Remark 4.5. Assume that G g is a regular value of the moment map pi. If we replace dvol^ 
with £~ 2 dvolx for £ > 0, then the equations 1 15 i become 

d A u = 0, *F A + e~ 2 pi(u) = 0. 

The limit of the above equations of e, as e approaches to 0, are nothing but the equations for 
pseudo-holomorphic morphisms from X to M//G (cf. Proposition 4.3 1: 

d A u — 0, pi(u) = 0. 

We define the the energy functional (or the action functional) E : A(P) x C™(P,M) — > M 

by 

E(A,u) = \\ (l^"| 2 + |Fa| 2 + lF(")| 2 ) dvol x . (16) 

Here we use the G-invariant inner product on g and the Riemannian metric on M defined as 
1 11 1. In the above formula, | rf^ u | 2 can be calculated as follows. First we note that the complex 
structure j on TP/g p and the volume form dvol^ define a metric on TP/q p : 

gx([v], H) = dvo\ x (v,w) for v,w £ T p P, 

where w is a tangent vector at p satisfying [w] = j [iv] , and the above definition is well-defined 
because dvolx is basic. Since TP/ g p is a vector bundle of rank 2, it is easy to see that g% form 
a metric on TP/ q p . Then define 



\d A u\ = UMirYldAM^P + K^woy)^)! 2 (17) 

for nonzero [v] G TP/ g p , where \\[v]\\ = y/gx([v], H)- The right hand side is independent of 
the choice of [v] . 

Proposition 4.6. For every (A,u) G A(P) x C~(P,M), the identity 
t^uj = i \o A u 

holds. Here 



E{A,u) = (\d A u\ 2 + -\*F A + fi(")| 2 J dvohe +R{to,\i,u) (18) 



R(lo,}i,u) = J^((d A u)*LO - (}i(u),F A )) 
and \d A u \ is calculated in a similar way to \d A u\. 

Remark 4.7. We can see as follows that the value R{lo,u,u) is independent of the choice of 
A G A(P). First we consider the Cartan model CP~ G (P) for the G-space P. Then u* (co — y.) is a 
G-equivariant 2-form after we identify g with g v . We can assign the Cartan operator 

n 2 G {P)^n 2 {{P/G]);n^n A 

to each connection A G A(P). In terms of the Cartan operator, 

R(co, pi, u) = J u* {a> - y) A , 

and this integration is independent of the choice of the connection A f6[ Proposition 4.2]. 
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Proof. We follow the notation in E 4.1 Let x £ C°° (Zo) be a partition of unity. Then 

E(u,A) = \Y, f u Xi<Pi (|^w| 2 + |f^| 2 + lF(")| 2 ) dvol x , 

where Xi — X\u-- Let s + if be the standard complex coordinate on C. Then [d<p,(8f)] = 
j[dcpi(d s )] and cp*A = fyds + Yjdt for some Y; £ C°°(U;,0). Put m, = u o Then the 
pullback of fl^w, F^ and dvolx to IT; via <p, are given by 



<p* dvolx = Af ds A dt 

for some positive function A, on IT,. The rest of the proof is similar to Proposition 3.1 in 
Cieliebak-Gaio-Salamon J5J. □ 



Corollary 4.8. A pair (A, u) £ A(P) x Cq(P, M) is a solution of the symplectic vortex equation (15 1 
if and only if E( A, u) = R{lo,u,u). 

Since X is type-R, the group of automorphisms of ( tt p : P -> X,a) in «p G (X) is anti- 
isomorphic to the group G(P) defined as The group Q{P) acts on the space A(P) x 
C£(P,M) by 

A(P)xC%{P,M)^g{P); j*(A,u) = ( 7 - 1 d 7 + 7- 1 A7,M7). 
Lemma 4.9. The energy functional E is Q{P)-invariant. 

This lemma can be shown by direct calculation and implies the following proposition. 

Proposition 4.10. The action of Q{P) on A(P) X Cq(P,M) preserves the space of solutions to the 
symplectic vortex equations (15 K 



4.4 The case of G = S 1 and M = C 

In this subsection, we restrict ourselves to the cases when G = S 1 and M = C, and we consider 
the moduli space of solutions to the symplectic vortex equations by comparing it with the 
moduli space of Kahler vortices [21 1. 

First we fix notation for the circle group G = S 1 = {z £ C||z| = 1}. The Lie algebra g = iR 
is equipped with an S 1 -invariant inner product: £2) = — £l?2 ror £l/ £2 £ iK. Fix a positive 
integer a we define a left S 1 -action on C by 

S 1 rvC; f -z = f _fl z. 
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(Therefore the right action is defined asz ■ t = t 1 • z = t"z.) A moment map is given by 

ji '. C i — y iM; z i — y ^(fl|z 2 | - t), 

where T is a positive real number. Then the Marsden-Weinstein quotient C//S 1 is called a 
weighted projective space IP(fl) (cf. Sakai |23l Section 3.3]). 

Let X be a compact orbifold Riemann surface z, m). Choose an object (n : P — » X,cr) 
of Cp G (X). Then P is a 3-dimensional closed manifold equipped with a locally free S 1 -action, 
i.e. a Seifert fibred space I12T1I2411 . 

The symplectic vortex equations <[15| are given by 



d A u = 0, *F A + ^(a|w| 2 -T) =0, (19) 

where A £ .A(P) C O 1 (P, iR) is a connection on P, and u belongs to 

C£(P,C) = {« G C°°(P,C) | u(pf) = t a u(p) for all p ePandfe S 1 }. 

The gauge group £(P) = {7 G C°°(P, S 1 ) | ?(pf) = 7(p) for all p G P and t G S 1 } acts on the 
space of solutions to the equations 1 19 1 by 7* {A, u) — {■y^d'y + j^^^Aj, 7°w). We denote by 
M (P) the moduli space of the solutions to |l9|: 



M(P) = {(A,u) G A(P) x C|?(P,C) I (A,m) satisfies @9)}/0(P). 

To consider the moduli space of solutions of the symplectic vortex equations |19), we as- 
sume the following condition for X. 

Assumption 4.11. Let m = {pi\, . . . , m^). Then a is a common multiple of m\, . . . , m^. 



12 _ T 



The reason for the assumption is as follows. As Remark 4.5 a certain limit of the symplec- 
tic vortex equations is the equation for pseudo-holomorphic curve in the Marsden-Weinstein 
quotient C//S 1 : 

d A u =0, Iwl 

a 

It is natural to assume that the above equations have a solution. Let {A, u) be a solution. For 
p G P and a stabiliser f G S 1 at p, the map u : P — > C satisfies w(p) = t a u(p). By the second 
equation we have w(p) 7^ 0, therefore f a = 1. This implies the assumption. 

Remark 4.12. If a = 1, then the orbifold Riemann surface X must be non-singular. 

To compare .M (P) with the moduli space of Kahler vortices, we describe the moduli space 



M. (P) by using slices of the S 1 -space P (cf. { 4.1 



Taking pullbacks via the atlas e of P, we can identify C°° (P, C) with the space 
C°°(Zi xS^Zqx S\C) = {ueC°°(Z x S\C) | src* u = tgt* «}. 
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By this fact, there is a one-to-one correspondence between (P, C) and the space 

C°°(Z Q ,C)p = {f £ C~(Z ,C) I src*/ = p fl tgt*/}. 
The correspondence is explicitly given by / = u o 

Moreover the pullback e* : CI 1 (P, iM) — >■ H 1 (Zq x S 1 , iM) gives a linear isomorphism from 
the space A(P) of connections to the space A(Z\ x S 1 Zq x S 1 ) defined by 

{B G fi x (Z x S\iM) I src* B = tgt* B, B(£ z ° xSl ) = £ (V£ G iM) and i/> t *B = B (Vf G S 1 )}. 

Let Bmc be the Maurer-Cartan form for the product bundle Zq x S 1 — >■ Zo- Define 

n 1 (Z , iM) p = {«6fi 1 (Z , iM) | src* = p^dp + tgt* 0}. 

Then the pullback pr* : CI 1 [Zq, iM) — >■ D 1 (Zq x S 1 , iM) gives rise to the linear isomorphism 

C1 1 (Zq,±M.) p -+ A(Z X xS^ZoxS 1 );^ B MC +prj0. 

Therefore we obtain a one-to-one correspondence between A(P) and CI 1 (Zq, iM)p. The explicit 
correspondence is given by e* A = B MC +pr*0 (or /*A = 0)forA G A(P) and 6 G O 1 (Z ,iR) p . 

The gauge group Q (P) can be identifies with 

C°° (Zi =4 Z , S 1 ) = {g G C M (Z , S 1 ) | src* g = tgt* g} 

via the identification 7 o ( = g for 7 G Q (P) and g G C°°(Zj =$ Zq, S 1 ) and the action of the 
gauge group Q (P) on A(P) x (P, C) can be identified with the following action: 

O 1 (Z , iM),, x C°° (Z , C) p ^ C°°(Z t =t Zq, S 1 ); (6,f) ■ g = (g^dg + 6,g"f). 



Under the above identification, the equations 1 19 1 can be identified the following PDEs by 
taking pullbacks via 1 : Zq — >■ P: 

d_ ae f = 0, *F e + ^(a\f\ 2 -r) =0 (20) 

for (9, f) G Q 1 (Zq, ±M)p x C°°(Zo, C) p . Here, for the * -operator on Zo, the volume form on Zo 
is the pullback /* dvol^. Therefore M. (P) is identified with 

M(Z!^Z ) = {(0,f) G n 1 (Z ,iM.)pxC oo (Z ,C)p I (0,f) satisfies 1(20) }/C oo (Z 1 ^Z ,S 1 ). 

Next we describe the moduli space of Kahler vortices in terms of Z\ =4 Zo. The S 1 -action 
on P x C by (p,x) ■ t = (pt,t a x) is proper and locally free, and therefore the action induces 
an orbifold structure on the quotient space P X s i C. Moreover the quotient map P X s i C — > 
PI S 1 = E gives rise to a Hermitian orbifold line bundle. The Hermitian orbifold line bundle 
can be described as the following proper etale groupoid 



Zi x C =} Z x C; 



src(a, x) = (src a, x), 
tgt(a,x) = (tgta,,o(a) fl x). 
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The space of orbisections is naturally identified with C°° (Zq, C) p , and the space of the com- 
patible orbifold connections is given by 

n 1 (Z 0/ iM) fl = {B 6 fi^Zo^M) | src*B = —ap^dp + tgt* B}. 

The gauge group is nothing but C°°(Zi Zo, S 1 ) and the (right) action of the gauge group on 
n 1 (Z ,iR) a x C°°(Zo,C)pis defined by 

n l (Zo,m) a xC co (Z 0/ C)p^C oo (Z 1 ^Z 0/ S 1 ); (B, f)-g = {g X dg + B,g~ 1 f). 

The equations of Kaher vortices over the orbifold Riemann surface z, m) are the PDEs 

5 B / = 0, *F B + ^(|/| 2 -flT) =0 (21) 

for (B,f) £ n\Zo,iM)a x C°°(Z ,C) P - 

Remark 4.13. The above equations are obtained after we replace Fk e with — airdvol^ in the 
equations of Kahler vortices [21 , Section 5.5]. This replacement does not produce any problems 
on the following discussion (Proposition 4.16} in this paper. 

Therefore the moduli space of Kahler vortices is defined by 

M K = {(B,f) e O 1 {Z 0/ ±R) a xC oo (Z 0r C)p | (B,f) satisfies @}/C oo (Z 1 ^Z ,S 1 ). 

Mrowka, Ozsvath and Yu show that the moduli space of Kaher vortices has a structure of 
complex manifold and the complex dimension is equal to the integer called the background 
degree. To calculate it, we recall briefly Seifert invariants. (The details of Seifert invariants can 
be found in Mrowka-Ozsvath-Yu [21 , Section 2] and Furuta-Steer f7\.) 

Orbifold line bundles over an orbifold Riemann surface can be classified by pairs of integers 
called Seifert invariants: 

b = (Mi h)- (22) 

Here k is the number of singular points of the base orbifold, /3, is an integer with < 0, < m;, 
and b is the integer which is called the background degree of the orbifold line bundle. The 
integer 6; is defined by local structure of the orbifold line bundle around the z-th singular 
point. The background degree b is the degree of the de-singularisation of the orbifold line 
bundle. For an orbifold line bundle E — > Z with the Seifert invariant < [22) , the degree of the line 
bundle is calculated by the formula 



deg(E) = & + — + + < 23 > 



mi m k ' 



Define d as the real number ^— J ^ F^ which is independent of the choice of A £ A(P). 
Lemma 4.14. The Seifert invariant of the orbifold line bundle P x s i C — > E is b = (ad, 0, . . . , 0). 
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Proof. Note that the triple (U t xC,f x id<c, Pa) is a slice for the S 1 -action on P x C. Here the 
right action of r a on U a x C is given by 

(z,x) ■ f = (zt,t a x) = (zt,x). 



The last identity follows Assumption 4.11 and therefore fi\ = ■ ■ ■ = fa = in the description 
of Seifert invariant J221. 



Because of the identity p3) , the background degree is equal to the degree of the orbifold 
line bundle Px s iC^Z, Direct calculation shows that the degree is equal to ad. □ 



Remark 4.15. The above lemma implies that ad is an integer under Assumption 4.11 



Applying Theorem 5 of Mrowka-Ozsvath-Yu |21 |, we obtain the following statement. 

Proposition 4.16. The moduli space A4 K ofKahler vortices is empty if 

j tVoI(Z) 
d > , 
in 

and it is naturally diffeomorphic to the ad-fold symmetric product ofE, Sym ad (L) if 

d < — -^A (24 
An 



Let M.(Z\ =t Zo) and M K be the spaces of solutions to (20 and ill) , respectively. By 
definition M(Z l =4 Z ) = M(Z 1 =4 Z )/C oo {Z 1 =4 Zq^ 1 ) and M K = 7W K /C O0 (Z 1 =* Zq^ 1 ) 
hold. Now we compare A4 [Z\ =4 Zo) with _M K . The following linear isomorphism 

*F : n\Za,iR) p x C°°(Zo,C)p ->• fi^iM)* x C M (Z ,C) p ; (0,/) ^ (-a0,a/) 

gives a one-to-one correspondence between M.(Z\ =4 Zq) and A4 K . Moreover the map Y 
satisfies 

x r((e,f)-g)=Y(e,f)- g - a (25) 

for (Z , ±R) P , f £ C°°(Z , C) p and g 6 C 00 ^ =4 Z , S 1 ). Therefore Y induces a well- 

defined surjective map Y : M {Z\ -=X Zo) -> -M K . 

In general, the map Y is not injective. Define a covering map a : S 1 — >■ S 1 by c(f) = t fl 
and a map a : C 00 (Z 1 =4 Zq^ 1 ) -> C 0O (Z 1 =4 Zq^ 1 ) by = crog. Then Y induces a 
bijection between M.{Z\ =4 Zo) and A4 K / imaged, and each fibre of the natural projection 
M K / image a _M K /C°° {Z 1 =4 Z , S 1 ) = .M K can be identified with coker a. 



M(Z 1= ^Z H ^M K / imaged 
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Remark 4.17. If the inequality 1 24 1 holds, then the action of C°° (Zj =4 Z , S 1 ) on M K is free. 



In general, the cokernel of o~ is complicated, but it is trivial if the underlying space E of X is 
simply-connected. 

Lemma 4.18. If the underlying space E is simply-connected (i.e. of genus zero), then for any g £ 
C°° (Zi =* Z , S 1 ) f/zere is go G C°° (Z t =4 Z , S 1 ) such that g = gg. 

Proof. Let n : Z — > Zq/Z\ = E be the quotient map. Any g 6 C°°(Z 1 =4 Z , S 1 ) induces a 
continuous map h : £ — > S 1 such that g = ho n. Since I] is simply-connected, /i has a lift: a 
continuous map ftiZ-yS 1 satisfying a oh = h. 

Since a o (ho n) = ho n = g, the continuous map h o n ; Z$ — >■ S 1 is a lift of g : Zo — > S 1 , 
hence the composition h o n is smooth. Since ho n o src = ho no tgt, fto zr £ C°°(Zi=t Zo, S 1 ) . 
The map go = /j o n is what we want. □ 

Identifying M. (P) with M. {Z\ ^4 Zq), we obtain the following statement. 

Theorem 4.19. IfE is simply-connected, then the moduli space A4(P) is empty if 

xVol(Z) 
d > — , 

47T 

and it has a smooth structure which is diffeomorphic to the complex projective space CP ad if 

tVoI(Z) 



< 



47T 
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